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Abstract Symplectic approach has emerged a popular tool in dealing with elasticity problems
especially for those with stress singularities. However, anisotropic material problem under polar coor-
dinate system is still a bottleneck. This paper presents a subﬁeld method coupled with the symplectic
approach to study the anisotropic material under antiplane shear deformation. Anisotropic material
around wedge tip is considered to be consisted of many subﬁelds with constant material properties
which can be handled by the symplectic approach individually. In this way, approximate solutions of
the stress and displacement can be obtained. Numerical examples show that the present method is
very accurate and eﬃcient for such wedge problems. Besides, this paper has extended the application
of the symplectic approach and provides a new idea for wedge problems of anisotropic material.
c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1106103]
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Symplectic approach has emerged a popular tool in
dealing with elasticity problems,1 especially for stress
singularity analysis.2 The compact analytical solutions3
of wedges given by the symplectic approach are very
useful on the stress singularity analysis, furthermore,
they can also be applied to solve exact solution of cir-
cular wedges4 or to construct a singular ﬁnite element.5
Lim and Xu6 reviewed the symplectic approach, and in-
troduced more details on the applications and develop-
ments. The symplectic approach for elasticity has been
introduced for years, however, there are still many lim-
itations. A notable one should be the stress singularity
analysis of anisotropic material in the polar coordinate
system, i.e. the wedges and cracks in anisotropic mate-
rials. Because when the symplectic approach is applied,
the Hamiltonian matrix varies with the angle coordinate
if the discussed material properties are not constants
like isotropic materials, as a result, the analytical so-
lution cannot be found. Although the anisotropic case
can be solved approximately7 or numerically8,9 by us-
ing other methods such as complex variable method or
ﬁnite element method, however, the merits of symplec-
tic approach, such as symplectic orthogonality etc., are
also missed.
This paper discusses an anisotropic multi-material
wedge under antiplane deformation by using the sym-
plectic approach coupled with the subﬁeld method. The
material around wedge tips is divided into several sub-
ﬁelds in which material properties are regarded as con-
stants. In this way, the Hamiltonian matrix is un-
changed along the angle coordinate and the symplectic
approach can be applied, besides, the symplectic or-
thogonality is still available. The corresponding solving
system is constructed and the approximate analytical
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Fig. 1. An anisotropic multi-material wedge
solution can be obtained. Numerical examples show
that the present method is accurate and eﬃcient for
the anisotropic material problems. This paper extends
the application of the symplectic approach and provides
a new idea dealing with wedge problems of anisotropic
materials.
A multi-material wedge in a thick plate composed of
N anisotropic materials is shown in Fig. 1, where each
material is described by its own sub-coordinate system.
For example, material 1 occupies the ﬁeld 0  θ  α1
in coordinate C1 and material N occupies 0  θ  αN
in CN . The fundamental equations of an anisotropic
wedge under antiplane deformation includes the consti-
tutive equation
[
τrz,i
τθz,i
]
=
[
cos(θ) sin(θ)
− sin(θ) cos(θ)
] [
G13,i 0
0 G23,i
]
·
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[
cos(θ) − sin(θ)
sin(θ) cos(θ)
] [
γrz,i
γθz,i
]
, (1)
where θ is the coordinate and subscript i represents ma-
terial Mi, and it will not appear in the derivations af-
terward except the case where it may cause confusion.
Equation (1) can be written in matrix form as
τ = D γ, (2)
where
D =
[
D11 D12
D12 D22
]
=
[
G13cos
2(θ) +G23sin
2(θ) (G23 −G13) sin(θ) cos(θ)
(G23 −G13) sin(θ) cos(θ) G13sin2(θ) +G23cos2(θ)
]
. (3)
Strain-displacement relation is
[
γrz
γθz
]
=
⎡
⎢⎢⎣
∂w
∂r
1
r
∂w
∂θ
⎤
⎥⎥⎦ . (4)
And homogeneous boundary conditions and compatibil-
ity conditions are
τθz = 0, on the free edges, (5)
wi = wi+1, τθz,i = τθz,i+1, at the interfaces. (6)
In order to introduce the symplectic solving system,
we ﬁrst introduce the following transformations
ξ = ln r, Srz = rτrz, Sθz = rτθz, (7)
where r is the coordinate. The diﬀerentiation of Eqs. (1)
and (4) with respect to ξ yields
∂w
∂ξ
= −D12
D11
∂w
∂θ
+
1
D11
Srz, (8)
∂Srz
∂ξ
=
D12
2 −D11D22
D11
∂2w
∂θ2
− D12
D11
∂Srz
∂θ
. (9)
Then we get the symplectic dual equation of the state
vector Z =
[
w Srz
]T
∂Z/∂ξ = HZ, (10)
where
H =
⎡
⎢⎢⎣
−D12
D11
∂
∂θ
1
D11
D12
2 −D11D22
D11
∂2
∂θ2
−D12
D11
∂
∂θ
⎤
⎥⎥⎦ . (11)
The approach of separation of variables is applied to
solve Eq. (10), let
Z = exp(μξ)ψ (θ) , (12)
we have
Hψ (θ) = μψ (θ) , (13)
where μ is an eigenvalue, and ψ(θ) is the correspond-
ing eigenvector satisfying the requirements of the eigen
equation (13), boundary conditions and compatibility
conditions at interfaces. Note here that D11, D12, D22
in Eq. (11) are not constants but vary with θ , as a re-
sult, Eq. (10) cannot be solved except for the isotropic
material case where D11, D12, D22 are constants. To
this end, we introduce a subﬁeld method, namely, the
anisotropic material is divided into several sub-wedges
in which D11, D12, D22 are regarded as constants. In
this way, we ﬁrst write the determinant of Eq. (10) just
like what we do with an isotropic material,1 then we
obtain
D22λ
2 + 2D12λμ+D11μ
2 = 0. (14)
Because D11, D12, D22 are regarded as constants, the
matrix H can be proven to be a Hamiltonian matrix.
The roots of the above equation are
λ = α± β, (15)
α = −D12
D22
μ, β =
μ
D22
√
D212 −D11D22. (16)
Hence, the general solution of the eigenvector is speci-
ﬁed by
ψ = eαθ
[
A cosh(βθ) +B sinh(μθ)
C cosh(βθ) +D sinh(μθ)
]
. (17)
Of course, the general solution should also satisfy the
eigen equation (13). After substituting ψ into the eigen
equation, we have
C = (D11μ+D12α)A+D12βB,
D = D12βA+ (D11μ+D12α)B. (18)
The eigenvectors satisfy the symplectic orthogonality
which, however, is not the main concern in this study
and will not be presented, more details are referred to
Ref. 1. Now, the general eigenvector of material Mi can
be expressed by the two coeﬃcients Ai and Bi. Substi-
tuting the general solution into the compatibility con-
ditions between material Mi and Mi+1 gives
[
Ai+1
Bi+1
]
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Table 1. solutions of stress singularity under diﬀerent number of sub-ﬁelds.
N 4 12 20 28 36 44 52 60
μ− 1 –0.425 04 –0.519 28 –0.501 43 –0.500 1 –0.500 01 –0.500 000 –0.500 000 –0.500 000
Table 2. Numerical solution of an anisotropic bimaterial material wedge.
N 16 32 40 45
μ− 1 –0.300 760 92 –0.300 785 734 –0.300 785 734 –0.300 785 734
Error% 0.008 237 78 0 0 0
= eαiθi
[
cosh(βiθi) sinh(βiθi)
Pi sinh(βiθi) Pi cosh(βiθi)
] [
Ai
Bi
]
,
(19)
where Pi = βiD22,i/(βi+1D22,i+1). Hence the coeﬃ-
cients of material N can be expressed by those of ma-
terial 1 in a chain like form as
FN =
N−1∏
i=1
RiF1,
where
Ri = e
αiθi
[
cosh(βiθi) sinh(βiθi)
Pi sinh(βiθi) Pi cosh(βiθi)
]
. (20)
In this way, the general solutions of material 1 and N
can be expressed by the two unknowns, then substitut-
ing the general solutions into the boundary conditions
yields
MF1 = 0. (21)
Let det(M) = 0 gives the governing equation of μ.
Solve the governing equation, then the eigenvalue can
be obtained. Obviously, the eigenvalue 0 < μ < 1 brings
stress singularities.
In order to illustrate the present method, we ﬁrst in-
troduce a simple example where an anisotropic material
crack is considered, material constants are G23/G13 =
10 , and the exact solution10 is μ− 1 = −0.5. The ma-
terial around crack tip is divided into N subﬁelds. In
Table 1, the numerical solutions are listed, it is clear
that when N = 20, solution is good and it converges to
exact solution if N > 44 . In Fig. 2, the same informa-
tion is given to make it clearer that the accuracy can
be improved by selecting more subﬁelds, if doing well,
it will converge to the exact solution.
Another more complex example is also given to il-
lustrate the present method. As shown in Fig. 3, a bi-
material wedge composed of two diﬀerent anisotropic
materials is considered. The material properties are
G23,1/G13,1 = 5, G23,2/G13,2 = 10 , G23,2/G23,1 = 1.
The analytical solution10 is μ − 1 = −0.300 78. Each
material is divided into N subﬁelds which is not neces-
sary but makes the expression clearer. The present so-
lutions and errors are listed in Table 2 which has shown
that the present method is accurate and eﬃcient for
such anisotropic material wedge problems.
Fig. 2. The numerical solutions under diﬀerent numbers of
sub-ﬁelds.
Fig. 3. An anisotropic bimaterial material wedge.
In conclusion, anisotropic wedges under antiplane
shear are discussed by using a subﬁeld symplectic ap-
proach. According to the numerical results, this method
is accurate and eﬃcient for such problems. This pa-
per extends the application of the symplectic approach
to anisotropic materials in the polar coordinate system,
and provides a new idea dealing with wedge problems of
anisotropic materials. Furthermore, this approach with
due modiﬁcations is expected to be used for other prob-
lems, such as anisotropic wedges of thin plates which
will be reported in the future.
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